I. INTRODUCTION
The mechanisms for breaking symmetries in theories of fundamental Physics may yield many interesting spectral relations among particles. In Quantum Field Theory, important invariances appear in connection with the Standard Model for Particle Physics. These symmetries are the Lorentz, CPT [1] and Supersymmetry (SUSY) [2] invariances. Lorentzand CPT-symmetry breakings [3, 4] can occur if we consider processes at energy scales close to the Planck mass [5, 6] . In Quantum Electrodynamics, there is a number of works that present constraints on the Lorentz-symmetry violating parameters [7, 8] . One of the most important processes for which the breaking of Lorentz symmetry may be measurable is related to high-energy γ-rays from extragalactic sources. The idea in the works that treat this question is that the γ-rays are absorbed during their interaction with the low-energy photons of intergalactic radiation [7, 9] ; there occurs annihilation into electron-positron pairs in intergalactic space. This sort of physical process imposes constraints on the Lorentzinvariance violation parameters, which can also yield bounds from the astrophysical tests [7, 10, 11] .
To study these phenomena, some authors proposed alternative models that can describe Lorentz-symmetry breakings and their effects [4, 6, 12] . The other symmetry we study in our work is supersymmetry (SUSY), which is the main ingredient of new theories, such as the Physics Beyond the Standard Model; it appears as a viable framework that solves some problems of the Standard Model and gives us possible candidates to Dark Matter (DM).
The astronomical evidence for additional, non-luminous matter, or dark matter, strengthens our motivations to consider SUSY. Another motivation to adopt SUSY is the fact that this symmetry appears as the main ingredient of String Theory [13] . In the Minimally Supersymmetric Standard Model (MSSM), the breaking of SUSY is soft, which is an attractive way of solving the hierarchy problem and linking the electroweak scale to physics close to the Planck scale. This soft SUSY breaking can be related with the Lorentz-invariance violation (LIV) in the study of the vortex superfluids [14] , where the LIV is realized by a Kalb-Ramond field [15] .
The Kalb-Ramond and dilaton fields appear in heterotic string theory and can couple to the Yang-Mills-Maxwell-Chern-Simons field as the result of a quantum effect. The KalbRamond field can play the role of the background field in [16, 17] . In another context, vortex configurations may be studied in the brane-world framework [18] and present important results in a supersymmetric scenario [19] [20] [21] [22] [23] . These motivations are the basis for this work, where we consider a rather general set of background fields that induce LIV in connection with possible supersymmetric cosmic string configurations. Structures like cosmic strings [24] [25] [26] [27] [28] [29] [30] , probably produced during phase transitions [31] , appear in some Grand-Unified gauge theories and carry a huge energy density [29] . They have been studied to provide a possible origin for the seed density perturbations which became the large scale structure of the Universe observed today [32] . These fluctuations would leave their imprint in the Cosmic Microwave Background Radiation (CMBR) that would act as seeds for structure formation and, then, as builders of the large-scale structures in the Universe [33] . However, they have presently been discarded as the only responsible for structure formation. They have re-acquired renewed phenomenological interest in connection with String Theory [34, 35] .
They may also help to explain the most energetic events in the Universe, such as ultra-highenergy cosmic rays [36] [37] [38] above the Greisen-Zatsepin-Kusmin (GZK) cut-off, that lies on energies of the order of 5 x 10 10 GeV [39] .
In this work, we analyze possible consequences of supersymmetric cosmic strings interacting [19, 40] with a vector background responsible for the Lorentz breaking effect [41] . This scenario may yield consequences to particle creation and this is an issue we devote special attention to in the present paper.
The outline of this work is as follows: in Section II, we start by presenting a simple model with a Lorentz-symmetry breaking contribution formulated in terms of superfields.
In Section III, we study vortex configurations and we discuss the physical implications of this Lorentz-symmetry violation. We also analyze the potential, the magnetic flux and the currents induced by LIV. In Section IV, we compute the propagator for the excitations in the gauge sector of the model and comment on the role of the Lorentz-symmetry breaking additional terms. Section V is devoted to the study of the fermionic charged fields that can be ejected from cosmic strings. We consider the possibility that these fields may be interpreted as the responsible for charged Cold Dark Matter (CDM) particles. In Section VI, we set up the part of the model that accounts for the neutral particles that may appear as (neutral) CDM particles. We give here special room to the discussion of the possible magnetic moment interactions of these neutral particles. Finally, in Section VII, we draw our General Conclusions with a discussion on phenomenological aspects of our model.
II. SUPERSYMMETRIC COSMIC STRING MODEL WITH LORENTZ-INVARIANCE VIOLATION
In this Section, we present the general features of a supersymmetric model that may produce cosmic string configurations with LIV. To accommodate cosmic strings in a supersymmetric context, we need a family of chiral scalar superfields, Φ i (φ i , ξ i , G i ). These superfields contain the complex physical scalar fields, φ i , their fermionic partners, ξ i , and complex auxiliary fields, G i ; they can be written as θ-expansions according to the parameterization below:
where the label i represents the flavours of the superfields needed to the correct description of the cosmic string. The other fundamental ingredient for a cosmic string configuration is the gauge field, H µ . To accommodate this field, we consider a gauge superfield, V H , which also contains a fermionic gauge partner, χ, and a real auxiliary field, D. The superfield V H is already assumed to be in the Wess-Zumino gauge, with a θ-expansion as follows:
The cosmic string Lagrangian, L CS , that is U(1)-gauge symmetry invariant and presents
where α is a real parameter, h.c. is the Hermitian conjugate, and the field-strength superfield, H a , is written as
The supersymmetry covariant derivatives are given as
the σ i 's being the Pauli matrices.
To realize the U(1)-gauge symmetry breaking responsible for the cosmic string vacuum, we consider a superpotential, W , as given by
where η and β are real parameters. Then, we consider in (3), i = 0, +, − with q 0 = 0 related to the neutral superfield, q + = 1 associated to the chiral supermultiplet and q − = −1 to the anti-chiral supermultiplet.
In a scenario with SUSY, this structure is sufficient to obtain a cosmic string [20] ; but, in our case, we wish to study this phenomenon in connection with LIV. This fact changes the cosmic string configuration giving us new features.
Models with LIV without SUSY have been already studied [40] ; nevertheless, if we consider events that occur in the early universe, as the cosmic string formation, we need to include SUSY. In this analysis, we consider the cosmic string in the presence of the supersymmetric version of the Maxwell-Chern-Simons term; so, we need another gauge superfield, V A , that has the same form as the one given in eq. (2) and is also taken in the Wess-Zumino gauge:
Also, we have to add a dimensionless chiral superfield, Ω(ω, ψ, I), given by
which carries a complex scalar field, ω, a fermionic partner, ψ, and an auxiliary field, I. The
Lagrangian that accommodates the LIV term reads as below
The Lagrangian L M CS is written in terms of a field-strength superfield,
that accommodates the electromagnetic field, A µ , the photino, λ, and a real auxiliary field,
D.
For a detailed description of the component fields and degrees of freedom displayed in (5), the reader is referred to the paper of ref. [41] . As it can be readily checked, this action is invariant under Abelian gauge and SUSY transformations [19] . The SUSY transformations act upon the string bosonic configuration, and the fermionic zero-mode excitations turn out to be:
The physical interpretation of the Lagrangian L M CS is that the dimensionless superfield, Ω, represents the background that can give us information about the early universe when cosmic strings were formed. In this context, LIV can become an important ingredient for cosmic string appearance. This cosmic string is superconducting and has a different characteristic with respect to the usual and Witten's cosmic strings [42] .
III. COSMIC STRING INTERACTIONS IN A FRAMEWORK WITH LIV
In this Section, let us analyze cosmic string configurations. We study the equations of the motion and show that it is possible to find solutions in our model. In components, we have a U(1)×U(1) ′ mixing-term [43] , which can be diagonalised by considering the following field reshufflings:
where we write the real part of ω as (ω + ω * ) ≡ ρ. The mixing -term comes from the Lagrangian of equation (7).
In this work, we choose the condition α + 2ρ = 1 to specify the background field configurations for the ω-field, in such a way that we have ρ = constant. The constant ρ is, in our analysis, a physical parameter and cannot be completely scaled away in the presence of the Lorentz-breaking interaction. In string theory [13] , the ρ-field may exhibit interaction with the gauge potential; here, with a LIV environment, it freezes at a constant value in the background.
For the on-shell version of the present model, we have the bosonic Lagrangian:
where the Lorentz-symmetry breaking term that contains the antisymmetric part of ω is written as (ω − ω * ) = i∆. The form of ∆ is fixed in terms of the LIV parameter, since we define v µ = i∂ µ ∆ as a constant. This ansatz for ρ and v µ is possible whenever we consider a static background.
The bosonic fields, in polar coordinates, may be parameterized as (axially symmetric ansatz):
where G ± , D and G 0 are the auxiliary fields introduced in the previous section.
We impose as boundary conditions:
The gauge covariant derivative is:
The potential turns out to be given by:
With the ansatz (16) for the cosmic string, U can be split according to:
Now, let us analyze the charge induced by the Lorentz-symmetry breaking in the cosmic string core. The field equations imply that φ and H µ are solutions to the following differential equation:
which yields,
The equations for the gauge fields are given by
where the 4-dimensional current density, J ν , is related to the cosmic string fields according to
Let us consider the Lorentz-symmetry violating vector, v µ = (0, 0, 0, v), being so chosen that, whenever µ = z, it is connected with the charge, Q. The J µ top is the topological current, with the extra gauge field, A µ , given by
The equation for the gauge potential along the angular component is
where the magnetic field is defined as B k = ǫ ijk H ij and the electric field is given by F 0r = −E.
The equation for the gauge field, A µ , is given by 
In terms of the magnetic and electric fields, we have
The magnetic flux is quantized as below:
The region of validity for ρ ( ρ < 1, actually, ρ is a very small parameter) ensures that the magnetic flux is non-vanishing and conserved, as depicted in Figure 1 , in terms of the variation of the parameter ρ.
The solution to this problem is the change of the cosmic string configuration to include A t = 0 in the v z case. In Figure 2 , we plot the solution of the electric field, E, magnetic field, B, and scalar, f, in terms of the dimensionless radial coordinate. This graph is important to analyze the convergence of the fields, which illustrates the stability of our cosmic string solution. The comparison between our solutions and the ordinary cosmic string solution
shows that an electric field appears and falls off as 1/r, when r → ∞. This is compatible with the vortex configuration. It is relevant to analyze the fact that this cosmic string is charged and the symmetry whose breaking is involved here is Lorentz invariance, different from the Witten's superconducting cosmic string. In the Witten's framework, the superconductivity is given by the breaking of the U(1) gauge symmetry in the core, which gives the current and the preserved gauge symmetry in the vacuum that responds for the long-range behavior of the electromagnetic field, F µν . This mechanism includes two complex scalar fields that interact through a more complicated potential. In our approach, the unique gauge symmetry that is broken is the U(1)-group concerned to the cosmic string configuration; for this reason, the potential includes only the cosmic string field, φ.
IV. THE COSMIC STRING PROPAGATOR
Another important ingredient that we have to analyze are the propagator of the gaugefield sector. There is a mixing of the A µ -and H µ -potentials given by the LIV term. The poles of the propagator and their corresponding residues allow us to infer about the spectrum of spin-0 (longitudinal) and spin- propagator, we refer to the bosonic Lagrangian (11). We first write it in a more convenient form:
where
and O αβ is the wave operator. We notice that Σ mixes with A µ . However, we adopt the t'Hooft R ξ -gauge and they decouple from each other. So, the Σ − Σ propagator can be derived independently from the propagator for the (A µ , H µ ) sector.
We apply the usual procedure to invert the operator O −1 αβ in order to find the gauge-field propagator of this problem.
To read off the gauge-field propagator, we shall use an extension of the spin-projection operator formalism presented in [44] . The new aspect in this work is that, describing the LIV terms in connection with the cosmic string fields, we have to add other new operators coming from the Lorentz-symmetry breaking terms and the cosmic string interactions.
Then, we need the usual two operators, Θ µν and Γ µν , being respectively, the transverse and longitudinal projection operators, given by Θ µν = η µν −Γ µν , and Γ µν = . In order to find the inverse of the wave operator, let us calculate the products of operators for all non-trivial combinations involving the projectors. The relevant multiplication rules are listed in Table   I , where the new spin operator coming from the Lorentz breaking sector is Ω µν , defined in terms of Levi-Civita tensor as
and the operator f µν , that we find by squaring Ω, gives us 
so that we have to define other operators such as
The operators Σ µν and λ project the longitudinal part of a vector field along the v µ -where the first term in both equations is the transverse part of the propagator, the second is the longitudinal part, the other two terms are related with the LIV, and M 1 , ..., M 9 are quantities that read as the following expressions:
where λ is the momentum space expression for the operator (35).
In our notation, < AA > represents the propagator for the gauge field A µ , and < HH > stands for the propagator between the gauge fields H µ that is connected with the cosmic string.
By analyzing the < AA > propagator, we can show that the transverse part is given by M 1 . It has a trivial pole, then this field describes a massless excitation and its U(1)-symmetry does not break down. This analysis is important because it gives us information on the range of the field. The fact that the field A µ presents an exact U(1) gauge symmetry gives us the interpretation that is associated to a long-range interaction. This propagator displays a pole at k 2 = 0 also in the Λ µν -sector, which indicates the presence of a massive excitation along the background v µ . This is not the case for the Λ µν -sector of the < HH > propagator. It is interesting to notice that the < AA > -and -< HH > propagator present a pole of the type v µ k µ = 0, which points to an excitation that propagates orthogonally to
As for the propagator (38), the transverse part presents a mass given by 4e
We notice that this mass presents a parameter ρ, connected with the LIV. This parameter is very important for the understanding of the range of the gauge field H µ . If ρ = 1, the field is free, but the vortex disappears because, in this limit, we have, by eq. (30), a zero magnetic flux. Then, the parameter ρ is important to give us a fine-tuning of the interaction.
V. FERMIONIC CHARGED PARTICLES FROM COSMIC STRING CONFIGURATION
In this Section, we shall consider the sector of fermionic excitations that propagate on the background settled down by the bosonic cosmic string configuration. Let us consider the Lagrangian for the Ξ-field:
where L CC is the Lagrangian piece that contains the charged fermionic fields written down in terms of four-component Majorana spinors as follows:
where Ξ 1 and Ξ 2 have the form
ξ˙a(x) . The gauge covariant derivatives are:
The Yukawa Lagrangian is given as below:
We propose that the fermionic solution, in the inner region of the cosmic string, displays, in cylindric coordinates, the form:
where α i (z − t) represents the left-moving superconducting currents flowing along the string at the speed of light, because in the core of the cosmic string, the fermions do not have mass, because φ i = 0. In this case, the Lagrangian (40) gives us the zero-modes inside the string.
The other important aspect are the currents inside the string: they are conserved currents.
One of them is the Noether current, given by
This current only involves the fermionic SUSY partners of the cosmic string scalar fields.
Inside the string, SUSY is broken in the range of 10 11 − 10 13 GeV and there appears a fermionic current. This current, described by (45) , can be in the z-direction, carrying an electric field, E z . The dynamics of the current can be given by
We notice that the variation of the current has a dependence on the LIV parameter ρ. This current grows until produced particles are ejected from the cosmic string. These charged fermions particles acquire masses from the breaking of the U(1) gauge symmetry where the scalar cosmic string field < |φ ± | > has a vacuum value, η. The fermionic particle masses studied here are described by Yukawa's term that reads after a gauge symmetry
The physical interpretation of these particles could be formulated in the context ultraenergetic cosmic rays, above the Greisen-Zatsepin-Kuzmin cut-off of the spectrum, and we propose that they are originated from decays of superheavy long-living CDM-particles.
These particles may have been produced in the early Universe from our cosmic string after inflation and may constitute a considerable fraction of Cold Dark Matter. These CDM particles are supersymmetric fermionic particles that can be produced by some cosmic string mechanism. In some cases, induced isocurvature density fluctuations can leave an imprint in the anisotropy of cosmic microwave background radiation. The fermionic mass outside the string is given by (47): M F = β η. We consider that the masses of these CDM particles are of the order of 10 13 GeV [39] and they are in a range compatible with supersymmetric scales. We have a coupling parameter, µ = 10 −3 , and the cosmic string gauge field breaking parameter is of the order of η = 10 16 GeV, that corresponds to the energy scale at the end of the inflation. This parameter can work as a constraint for the coupling constant of the superpotential term (4). as in the case of the axion [45] . In our framework, we have SUSY scales that give us huge masses. However, these particles are hard be detected. It is possible to have some ways to do that. The particles considered here are non-charged, but can interact electromagnetically to some extent. For instance, the neutron is a neutral particle with a significant magnetic moment. Thus, we wish to work on the possibility that dark matter has a small electromagnetic coupling via its magnetic moment and this moment is a by-product of LIV, as we shall see.
The Lagrangian that contains the non-charged fields is:
where the spinor X is a partner of H µ and Λ is a partner of the A µ ,
We consider the expansion of the fermionic field Ψ in the Λ and X basis as Ψ = gΛ+gρX, where the background field is given by
Adopting the basis for the physical gauge fields defined as in (10), we find that the neutral fields have an interesting coupling to the electromagnetic fields as below:
where g is a real constant and the term responsible for the decay is
These fields present a mass term given by the coupling to the background density according to
where m =
The Lagrangian (53) has the form of a mass term, where |Ψ| 2 can be interpreted as the density. To understand the interaction Lagrangians (48), (51) and (53), let us analyze the equation of the motion for the fermionic field X, given by:
where the mass particle is M = m gρ
. We have now a physical interpretation for the behavior of these neutral particles in connection with the magnetic moment. Aharonov and Casher proposed, in 1984, an experiment where they showed that there exists a phenomenon, in analogy with the Aharonov-Bohm effect, that involves the dynamics of a magnetic dipole moment in the presence of an external electric field [46] . We can show, with the help of the Lagrangian (51) , that the cosmic string may be the source of the magnetic moment [47] of the neutral supersymmetric massive particles that interact with the electric field, giving us an equation of motion as in (54) .
By analysing the electric and magnetic fields generated in our system, we find that the electric field outside the string is given by E = − , where κ is the gyromagnetic ratio.
VII. GENERAL CONCLUSIONS AND REMARKS
In this work, we have contemplated the possibility of formation of a cosmic string configuration in a supersymmetric scenario where there is Lorentz-symmetry violation. We have also considered its implications in a cosmological context. As we have discussed, the astronomical observations provide compelling evidence for additional, non-luminous matter, or dark matter, and the most plausible theory that govern these particles should be based on showing that the Universe may be different from what one has proposed until now [48] [49] [50] .
It may happen that, in some era of the Universe, LIV should not be discarded. With these implications, it is very important to analyze the theoretical and experimental aspects of this scenario.
We show that, with our model, it is possible to have a discussion on the fermionic charged supersymmetric massive particles. These particles appear as SUSY partners in the same chiral scalar superfields that accommodate the cosmic string scalar fields. Their masses are originated from their Yukawa couplings, and so they are connected with the cosmic string breaking scale, given by the scalar field vacuum expectation value, η, in the order of 10
16
GeV. In our approach, we use the Yukawa coupling constant (µ) of the order of 10 3 to give us particles with an energy compatible with 10 13 GeV. The parameter µ can be interpreted as the responsible for the fine tuning and can be adjusted with the experimental data.
We have chosen this mass scale to take into account the experimental evidences of the highly energetic cosmic rays, above the GZK cut-off of the spectrum, that could be originated from decays of superheavy long-living X-particles [39] . These particles could be produced in the early Universe from vacuum fluctuations during (and, in our case, after) the inflation, when the cosmic string formation and the SUSY breaking took place. There is another fine tuning parameter in our model, given by the LIV, that we have denoted by ρ; it parameterize the magnetic flux and has non-trivial consequences on the analysis of the range of the gauge fields.
Another contribution of this work is the study of the magnetic moment of the neutral dark matter particles. This magnetic moment could be a way to detect them. The idea is that these particles can present electromagnetic interactions to some extent. We know of particles of the SM in a similar situation; for instance, the neutron, that does not present electric charge, but has a significant magnetic moment [51] . In our model, we show that the Aharonov-Casher may occur and an electric interaction with the magnetic moment of neutral particles takes place. This is a feature of the LIV consequences in a supersymemtric framework.
In our discussion, we may consider that our model can describe the axino. After a period of inflationary expansion, the Universe established a full thermal equilibrium at the temperature T R . In the Large Hadron Colider (LHC) measurements, we can determine the temperature, T R , in terms of the mass of the dark matter particles. Astrophysical and cosmological observations give us the determination of the relic density of the cold dark matter in the range of the 0, 104 ± 0, 009 [52] . These results may be adopted to impose constraints on the LIV parameters. This question is under consideration and we shall be reporting on it in a forthcoming paper ( [54] ).
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